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Abstract—The transient natural convection heat transfer problem between two horizontal isothermal
cylindersis formed within the Boussinesq approximation and solved numerically through the vorticity-stream
function approach. Specifically, we discretize both the vorticity and energy equations via the alternating
direction implicit (ADI) method and the stream function equation by the successive over relaxation (SOR)
method. Within our range of interest, the transient time from the transient state to the steady state is found to be
very small in comparison with a typical operation time. Under such circumstances, the steady-state Nusselt
number can be used in lieu of the transient Nusselt number. Our numerical results are summarized by three
Nusselt number vs Grashof number curves with the diameter ratio as a parameter, which serve as a guide to
natural convective heat transfer calculations for an annulus.

NOMENCLATURE

a ratio of inner radius to gap, rj/L

b ratio of outer radius to gap, r,/L

Cp specific heat at constant pressure

L annulus gap

g gravitational acceleration

Gr  Grashof number, E3g' (T}, — T2)/v?

h, mesh interval in r-direction

hy mesh interval in -direction

kK thermal conductivity

Nu  Nusselt number

Pr Prandtl number, ¢ u'/k' = v/’

Ra Rayleigh number, Ra = Gr Pr

R diameter ratio, radius ratio

q heat flux

r dimensionless radial coordinate, r'/L

t dimensionless time, t'v//I/?

T dimensionless temperature,

(T'=TTH—T7)

u, dimensionless radial velocity, u/L/v’

Uy dimensionless tangential velocity, upL/v'.
Greek symbols

B thermal expansion coefficient of fluid

{ dimensionless vorticity function, (E2/v){

0 polar coordinate

K thermal diffusivity, k'/p'c,

u viscosity

v kinematic viscosity

el fluid density

1] dimensionless stream function, /v,
Subscripts

h,c,0 hot, cold and ambient, respectively

i,0  inner and outer, respectively

cond conduction

conv convection

eq equivalent.
Superscripts

— mean.
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INTRODUCTION

THE PROBLEM of natural convective heat transfer in an
annulus bounded by two horizontal cylinders has been
a subject of intensive research in recent years due to its
wide technological applications, which range from
nuclear reactors, thermal storage systems, cooling of
electronic components, aircraft fuselage insulation, to
underground electrical transmission lines. A com-
prehensive literature survey on the subject matter can
be found elsewhere [8]. In this paper, we present a brief
review of selected papers which are more or less limited
to theoretical-numerical studies.

Crawford and Lemlich [3] achieve the first
numerical solution for a Prandtl number of 0.7 and for
diameter ratios of 2, 8 and 57 via a Gauss-Seidel
iterative approach. Abbott [4] obtains solutions for
diameter ratios close to unity by means of matrix
inversion techniques. For gases at moderate Rayleigh
numbers where heat conduction is dominating, Mack
and Bishop [5] employed a power series expansion
valid in the range of diameter ratios from 1.15 to 4.15.
However, as pointed out by Hodnett [6],if the diameter
ratio becomes too large, there is a region in the annulus
where convection effects are as important as
conduction effects. Such a problem has been attacked
by Hodnett [6] using a perturbation method. Powe et
al. [7] examined the transition from steady to unsteady
flow for air with a Prandtl number around 0.7 by
determining the critical Rayleigh number at which an
eddy forms and turns in the opposite direction of the
main cells. Their theoretical-numerical findings are
substantiated by their previous experimental ones.
Kuehn and Goldstein [8] performed both experi-
mental and theoretical-numerical studies for air and
water at Rayleigh numbers from 2.1 x 10* to 9.8 x 10°
at a diameter ratio of 2.6. Charrier-Moijtabi et al. [9]
presented numerical solutions at a Prandt] number of
0.7 and 0.02 with various diameter ratios and Rayleigh
numbers. All references cited except ref. [9] are
confined to the steady-state analyses. Even ref. [9] gives
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the steady-state results only. The purpose of this paper
is to present the transient-state results which are new to
the authors’ knowledge.

FORMULATION OF THE PROBLEM

As shown in Fig. 1, the physical system consists of a
Newtonian fluid, air, in an annulus bounded by two
isothermal surfaces. To {ormulate the problem it is
assumed that: (a) the fluid motion and temperature
distribution are two dimensional (2-D), (b the fluid is
viscous and incompressible, (c) frictional heating is
negligible, (d) the difference in temperature between the

1 Aunth 1/
twoisothermal boundaries issmall compared with 1/8,

and (e) fluid properties are constant except for the
density variation with temperature. Thus, within the
Boussinesq approximation, four governing equations
(two momentum, one energy and one continuity) are as
follows [1, 2]:
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where all primed constants, variables and operators are
dimensional.

Although it is possible to obtain numerical solutions
from these primitive equations, we follow the current
practice of numerical analysts to utilize the vorticity-
stream function approach [10]. First, we eliminate the
pressure from equations (1) and (2) by cross-
differentiating equations (1) with respect to ¥ and
equation (2) with respect to x’, and subsequently obtain
the vorticity equation. Secondly, we change the
Cartesian coordinate system to the polar coordinate
system. Thirdly, we render all variables dimensionless

Fic. 1. Natural convection in an air filled annulus bounded by
two isothermal walls.
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through the following transformations

r u L. upl.
F=— b =—-: Uy == ——,
r 1Y) v
'y T —T,
t T " s
L T, —T.
(5
wr B £2 ,
= ?? = o C’
V2 =rp?y?
Finally, we introduce the stream function and obtain:
a I I3
:-‘3 +u,,~(’ +upg— ¢
ot Cor “ o8
oT iT
= Gr(cos 9—67 — sin 9——(—3—0—) V2, (6)
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where all unprimed constants, variables and operators
are dimensionless. It is to be noted that both the
vorticity equation {6) and energy equation (7} are of the
parabolictype and the stream function equation (9)is of
the elliptic type. Equation (9) is coupled with equations
(6)and (7) through equation (8) which relates the stream
function to the velocities. Equations (6) and (7) are
coupled through the buoyancy force. Furthermore,
both the vorticity equation (6) and energy equation (7)
are non-linear due to the convective terms. Our
problem is to seek {(r,0,1), T(r, 8, ) and Y(r, 6, t) which
satisfy three partial differential equations (6), (7) and (9)
as well as the followinginitial and boundary conditions,
Tobegin with, the fluid in the annulus is stationary with
a uniform temperature:

{=y=T=0 everywhereat t=0. (10)
The boundary conditions are:
r@;g % =0 on both walls,
ie. r=a and r=5, (11
T=1 at r=a, (12a)
T=0 at r=h. (12b)

NUMERICAL SOLUTION

The finite-difference method is employed to solve a
system of equations (6)+9) in conjunction with the
initial and boundary conditions (10)-(12). Specifically,
both the vorticity and energy equations (6} and (7) are
discretized by the alternating direction implicit (ADI)
method [10, 117, while the stream function equation (9)
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is discretized by the successive over relaxation (SOR)
method [10, 12, 13].

Due to flow symmetry, a grid of 16 (in the r-direction)
by 21 (in the #-direction) for half the annular area is
employed. The time increment is

At = 2 . (13)

1 1 U, U
A5+ )+—+—
<h3 h3> h,  hy
The convergence criterion for the vorticity, tempera-
ture, and stream function is

m m-—1
i—_f_——ss for agrsb,—z<0<£

fmt 2 2
Here f is either {, or T, or i and ¢ is set equal to 103,
Another way of checking the convergence is to compare
the mean Nusselt numbers at the inner and outer
radius. These are usually within 5% at convergence.
Both convergence criteria are employed in this paper.

In order to gain confidence in our numerical results,
we tried to compare ours with previously published
results. Figure 2, which depicts streamlines and
isotherms for Gr = 10000, Pr =0.71 and R =2,
resembles results presented by Crawford and Lemlich
[3] at Gr = 12500, Pr = 0.714, and R = 2. Figure 3,
which shows streamlines and isotherms for Gr

(14)

Streamlines

= 38800, Pr = 0.71,and R = 2, is similar to one given
by Charrier-Mojtabi et al. [9] at Ra =3 x 10%, Pr
= 0.7, and R = 2 where R and Ra denote the radius
ratio and Rayleigh number, respectively. After
obtaining confidence in our results, we proceeded to
compute the mean transient Nusselt numbers at the
inner and outer radius of seven physically realistic
cases.

The equivalent conductivity, k., which includes
both convection and conduction was introduced. From
the governing differential equations (6)9), it was seen
that the mean heat transfer or Nusselt number is a
function of the Grashof number, Prandtl number and
diameter ratio, i.e.

! _ k/
u = Nu === f(Gr,Pr,R),
qcond k

(15)

where local Nusselt numbers at the inner and outer
radius, Nu; and Nu,, and mean Nusselt number, Nu, are
defined as follows:

oT
Nu,= —In R r— ,
or r=a

(16a)

(16b)

Isotherms

F1G. 2. Grashof number = 10000, diameter ratio = 2.0.
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Streamlines Isotherms

F1G. 3. Grashof number = 38 800, diameter ratio = 2.0.

Mo — In R j " [r T } Both mean transient Nusselt numbers, Nu; and Nu,,
- Py or |_, vs dimensionless time, t, are plotted in Figs. 4-10
InR (*[ oT corresponding to seven phys_ically realistic cases [2]. As

xdf = ——— [r —:l df, (16c) ¢ increases, both Nu; and Nu, approach their steady-

m JolL Ol state values and should be equal based on a simple

where it is generally assumed that the ambient air  energy balance. Infact, dueto the numerical techniques
temperature, T, is equal to the cold outer wall involved, the values actually obtained differ somewhat.

0

temperature, T.. The mean Nusselt numbers Nu; and Nu, are the
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F1G. 4. Mean Nusselt number vs non-dimensional time for natural convection in an annulus.
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FI1G. 5. Mean Nusselt number vs non-dimensional time for natural convection in an annulus.

Mean Nusselt number

FIG. 6. Mean Nusselt number vs non-dimensional time for natural convection in an annulus.

Mean Nusselt number

FiG. 7. Mean Nusselt number vs non-dimensional time for natural convection in an annulus.
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F1G. 8. Mean Nusselt number vs non-dimensional time for natural convection in an annulus.
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F1G. 9. Mean Nusselt number vs non-dimensional time for natural convection in an annulus.
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angular average of their local ones through equation
(16¢).

In Fig. 10, both Nu; and Nu, approach unity as ¢
increases. This means that convection is nearly nil at R
= 1.2, and Gr = 736. As R increases to 1.5, the steady
state Nu = H(Nu;+ Nu,) approach 1.18, 1.48, and 1.88
when Grincreases from 4850, 11 500, to 26 200 as shown
in Figs. 4-6, respectively. As R increases further to 2, the
steady state Nu = 3(Nu; + Nu,) become 1.64, 2.4, and
3.08 when Gr varies from 10000, 38 800 to 88 000 as
shown in Figs. 7-9, respectively. The variations of the
steady state Nu vs Gr are plotted in Fig. 11 with the
diameter ratio R as a parameter.

DISCUSSION AND CONCLUSION

In this paper, both inner and outer cylindrical
surfaces are assumed to beisothermal. Mathematically,
this is equivalent to assuming infinite thermal
conductivity of both inner and outer cylinders.
Intuitively, this isothermal approximation would be
correctifthe thermal conductivity of both cylindersis at
least one order of magnitude higher than that of air.
This is certainly the case for underground electrical
transmission lines, from whose transient loading
research this paper originated from. Should the
isothermal approximation be not valid, this would lead
to the conjugate problem which has been studied by
Rotem [14]. From the computational viewpoint, only
the boundary conditions have to be revised. The
computer program is available from the first-named
author upon request.

Our numerical calculations, as shown in Figs. 4-10,
cover the Grashof number from 700 to about 90 000. At
the lower end, the convection is nearly nil. At the upper
end, the flow stays well within the laminar region where
the governing differential equations (1)4) are valid. A
review of Figs. 4-10 shows that the maximum non-
dimensional transition time from transient state to
steady state is less than unity. From the physically
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realizable seven cases mentioned above [2], it is shown
that the maximum transition time is less than 50 s,
which is very short indeed. On the other hand, in a
typical overload of an underground cable, the time
required for a 1°C temperature riseis about 7.5 min [2].
Therefore, at least so far as underground transmission
electrical lines are concerned, the steady-state Nusselt
number can be used instead of the transient-state
Nusselt number for practical purposes as well as for
safety sake.

As is well known, the mean Nusselt number or
equivalent conductivity is a function of the Grashof
number, Prandtl number and diameter ratio, i.e.

’

Nu = ’—;(5,3 = f(Gr, Pr,R) = F(Ra, R), a7

where
Ra = Gr Pr.
In the present study, Pr ~ 0.71 for air. It follows that

’

Nu=—"=

w = J(Or.R).

(18)
Our ranges of interest cover Grashof numbers from
approximately 1 x 103 to 9 x 10* and diameter ratios
from 1.2 to 2.0. Three steady-state mean Nusselt
number, Nu, vs Grashof number, Gr, curves are shown
in Fig. 11 with diameter ratio, R, as a parameter. It is
seen that, at adiameter ratio R = 1.2, thereis no or little
convective heat transfer even at Gr =~ 1.5 x 10*, which
has been substantiated by Kuehn and Goldstein’s
calculation (ref. [8], Table 2). Looking at the variation
of Nuvs R at a fixed Grit follows that when the diameter
ratio, R, changes from 1.2 to 1.5, the convective heat
transfer, i.e. Nu, increases very rapidly. When the
diameter ratio, R, increases further from 1.5 to 2.0, there
is a substantial enhancement of the convective heat
transfer. However, the rate of increase of Nu vs R slows
down. After R reaches 2, the rate of increase of
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F1G. 11. Steady-state mean Nusselt number vs Grashof number for natural convection in an annulus of air.



110

Y. T. Tsul and B. TREMBLAY

Ig(()) N T T T T T T T T T
60 0o /D /{‘
Bechmann 3286 B qair,MH,, CO a
a0t Mz €02
Voigt 8 Xrischar 272 ¥ ou “‘A
Griguil B Hauf 316 ® aqir /‘ ar
201 Lis 300 A SFg N, Do /Dj = 30.Pr=0.7\ > Turbulent 7
Zogromov B Lyalkoy 286 ® air _And Boundory
0O+ Kuehn B Goldstein 260 4q o o 9t toyer Flow 4100
81 Kroussoid 300 & woler,oil ‘,M {80
6t o “ {60
-
af ¢ o 40
o =1
2+ =4 Laminar Boundary a A 120
/ Layer Flow /
e — Do /0 1o
4 4 i
> UJA/ A Beckmann 2062 O air,H.C0, 4 B
r_ g Voigt B Krischer 193 9 air -4
Conduction Griguil 8 Houl 196 O air
B Grigull 8 Rouf 210 D oir ]
Lis 200 A SFg. N,
. SB Do/0| 22 0,Pr =07 Zogromov 8 Lyotikoy 200 0O oir 4 2
< Koshmorov 8 Ivanoy top O o
© 080T " N
L o 1L L 1 L 1 i - J
10' 10 10° 10 10 108 107 10° 10° 10 io"
Ra

F1G. 12. Comparison of correlating equations with experimental results for natural convection between
horizontal concentric cylinders [15].

convective heat transfer, Nu, flattens out. This is
demonstrated in Fig. 12, which depicts a collection of
experimental data from various authors. From an
engineering viewpoint, there is no advantage to
increase the diameter ratio beyond 2 so far as natural
convection is concerned. Thus, it is hoped that Fig. 11
will serve well as a guide to free convective heat transfer
calculations for an annulus.

Finally, it is interesting to note that there are
overshoots for small time (< 0.1) in the curves for mean
inner Nusselt number in Figs. 8 and 9 where the
Grashof number reaches 38 800 and 88000, respect-
ively. Since the overshoots occur at higher Grashof
numbers, our conjecture is that either the transient
convection is dominating or there is numerical
instability. Perhaps, the interesting overshoots will
provide food for thought in future investigations.
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CONVECTION THERMIQUE NATURELLE VARIABLE DANS UN ESPACE ANNULAIRE
ENTRE DES CYLINDRES CONCENTRIQUES HORIZONTAUX AVEC DES SURFACES
ISOTHERMES

Résumé—Le probléeme de la convection thermique naturelle variable entre deux cylindres isothermes
horizontaux est posé dans 'approximation de Boussinesq et résolu numériquement par 'approche de la
fonction tourbillon-courant. On discrétise les équations de tourbillon et d’énergie par la méthode implicite aux
directions alternées (ADI) et I'’équation de fonction de courant par la méthode de surrelaxation successive
(SOR). Dans notre domaine d’intérét, le temps entre I'état variable et I’état stable est trouvé étre trés petit en
comparaison du temps typique d’opération. Dans ces conditions, le nombre de Nusselt de régime permanent
peut étre utilisé a la place du nombre de Nusselt variable. Les résultats numériques sont résumés par trois
courbes des nombres de Nusselt en fonction du nombre de Grashof avec comme paramétre le rapport des
diamétres, pour servir de guide aux calculs de convection naturelle pour un espace annulaire.

ZUM INSTATIONAREN WARMEUBERGANG BEI FREIER KONVEKTION IM RINGSPALT
ZWISCHEN KONZENTRISCHEN HORIZONTALEN ZYLINDERN MIT ISOTHERMEN
OBERFLACHEN

Zusammenfassung—Das Problem der instationdren freien Konvektion zwischen zwei horizontalen
Zylindern wird im Rahmen der Boussinesq-Approximation formuliert und numerisch mit Hilfe eines Ansatzes
unter Verwendung der Wirbeltransportgleichungen gelost. Insbesondere werden sowohl die
Wirbeltransport- als auch die Energiegleichungen mittels der impliziten Methode der alternierenden
Richtungen (ADI-Methode) diskretisiert, ebenso die Stromfunktion mittels der Methode sukzessiver
Uberrelaxation (SOR-Methode). Innerhalb des interessierenden Bereiches erweist sich die Ubergangszeit
vom instationéiren zum stationiren Zustand als sehr kurz im Vergleich zu typischen Betriebszeiten. Unter
diesen Umsténden kann die stationire anstelle der instationiren Nusselt-Zahl verwendet werden. Die
numerischen Ergebnisse sind in drei Auftragungen der Nusselt-Zahl in Abhingigkeit von der Grashof-Zahl
mit dem Durchmesserverhiltnis als Parameter zusammengefaBt und stellen ein Hilfsmittel fiir Berechnungen
der freien Konvektion im Ringspalt dar.

O TEIUJIONEPEHOCE TP INEPEXOJHOM PEXXUME ECTECTBEHHOW KOHBEKIIMU
B 3A30PE MEXJY KOHUEHTPUYECKMMHU IOPU3OHTAJIbHBIMU LUJIUHIPAMHU
C U30TEPMHUYECKHUMMU MMOBEPXHOCTAMU

AnnoTamms—3anaya O TEILIONEPEHOCE NPU NEPEXOJHOM PEXKHME ECTECTBEHHOH KOHBEKHHH MEXIY
ABYMS TOPM30HTAJIbHBIMM M30TEPMHYECKHMH IULIMHAPAMH OCHOBaHa Ha npuGnmxeHun Byccuuecka
U PELIAETCs YMCJIEHHO B NEPEMEHHBIX BUXph — (YHKUHS TOKa. B vacTHOCTH, ypaBHeHHs st BHXpS
H 3HePruM NPHBOJATCH K KOHEYHO-PA3HOCTHOMY BUY HO HEABHOMY METO/Y NEPEMEHHBIX HAIPABICHHH,
a ypaBHEHHe IS (QYHKUMM TOKa — MO METOAY MNOCJIEAOBATeIbHON CBepXpejakcauuu. B pamkax
TIOCTABJICHHOM 3a/a4M HAWJEHO, YTO BpeMs NEepPeXOda K CTAUMOHAPHOMY PEXHMY OYEHb MaJo MO
CPaBHEHHIO C XapakTepHbIM 1A 3adauM BpeMeHeM. IIpH Takmx ycnosmsx uucio Hyccenbta mis
CTAaHHOHAPHOTO COCTOSHUS MOXHO HCIOJIE30BaTh BMECTO NepexoaHoro yuciaa Hyccensta. Ionyuennble
YMCJICHHBIE Pe3yJMbTaThl OBOOIIEHE! C NMOMOIUBIO KPHBBIX, ONMCHIBAIOIMX OTHOIIEHHE TPEX HHCE/]
Hyccembra k wucny pacroda ¢ MCIONb30BAHHEM B Ka4YeCTBE NapaMeTpa OTHOLIEHHS IHAMETPOB,
4TO NO3BOJISIET IPOBOAUTH PACUETHI TEMJIONEPEHOCA IPH ECTECTBEHHOM KOHBEKLIMH B KOJIBIEBBIX 3a30pax.
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